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On ' Abstract. We modify previous quasi-local mass definition. The 
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new definition provides expressions of the quasi-local energy, the 
quasi-local linear momentum and the quasi-local mass. And they 
are equal to the ADM expressions at spatial infinity. Moreover, 
^ ' the new quasi-local energy has the positivity property. 



1. Introduction 



^ ■ Recently, there are many attempts to define quasi-local mass [71 El 

bJO: ElIinilinilTniEniEIlin] usmg certain idea initiated by Brown and York 

[H [2] . The definitions are valid for spacelike 2-surfaces. The positivity 
■>!::;j- . property requires the 2-surfaces are spheres which are in certain initial 

1> ' data sets. 

00 : 

CN . It is well-known that the Brown- York mass decreases for the round 

^ I sphere in time slices in the Schwarzschild spacetime. In order to obtain 

a quasi-local mass of Brown- York's type with increasing monotonicity 

I property, we proposed a new definition by choosing certain spinor norm 

^ . as lapse function [23l[2l]. But, as pointed out in [23], our quasi-local 

^ I mass are not equal to the ADM mass at spatial infinity. 

In this note, we modify our definition and provide expressions of 
k>( I the quasi-local energy, the quasi-local linear momentum and the quasi- 

■ local mass. In particular, we observe that the norm of quasi-local linear 

I momentum 3-vector is well-defined although this 3-vector can not be 

defined in a quasi-local sense. This is unlike the ADM total linear 
momentum at spatial infinity, which both the norm and the 3-vector 
are well-defined. We show also that these quantities are equal to the 
corresponding ADM quantities at spatial infinity. Moreover, the new 
modified quasi-local energy has the positivity property. In particular, 
the vanishing of the quasi-local mass implies the spacetime is fiat along 
the 2-spheres, which is in consequence of applying Brown and York's 
isometric embedding approach. This later result does not seem to hold 
true in the other recent definitions of quasi-local mass mentioned above. 



The essential idea of our approach in this note as well as in [231 121] is 
to localize Witten's proof of the positive energy theorem [T^ [T51I221 [12] 
to the (spacelike) bounded domain. The similar approach was used 
by Dougan and Mason earlier to define the quasi- local mass [4]. In 
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our previous formulation, the 2-spheres are assumed to be apparent 
horizon only. In order that the Dirac-Witten equation has a solution, 
we have to assume that the mean curvature of spacelike hypersurfaces 
does not change sign. In this note we include the case that at least one 
boundary 2-sphere satisfies the strict inequality in apparent horizon 
conditions. This will ensure the existence of the Dirac-Witten equation 
on any spacelike hypersurfaces whose mean curvature may change sign, 
and this existence theorem should be required in Dougan and Mason's 
definition [3 [13 HE]. 

Surprisingly, our quasi-local mass increases for the round sphere in 
time slices in the Schwarzschild spacetime [23] although we are not 
able to prove the increasing monotonicity property in general case. 
This should have deep physical reason which can be seen naively as 
follows: In classical mechanics, the total mass is the space integral 
of the local mass density. But this fact is no longer true in general 
relativity as vacuum can have the total energy and the total mass as 
well. However, Witten's energy formula [221 [12] indicates that the total 
energy and the total mass are the space integrals of the "generalized" 
local mass density involving both the energy-momentum tensors and 
spinors. From this point of view, we think our approach is in a way 
toward the full understanding of quasi-local quantities. 

2. Dirac-Witten equations 

Let (A^, g) be a 4-dimensional spacetime which satisfies the Einstein 
fields equations. Let (M, g,p) be a smooth initial data set. Fix a point 
2 G M and an orthonormal basis {ca} of TzN with cq future-time- 
directed normal to M and Cj tangent to M (1 < z < 3). 

Denote by § the (local) spinor bundle of A^. It exists globally over 

M and is called the hypersurface spinor bundle of M. Let V and V be 
the Levi-Civita connections of g and g respectively, the same symbols 
are used to denote their lifts to the hypersurface spinor bundle. There 
exists a Hermitian inner product ( , ) on § along M which is compatible 

with the spin connection V. The Clifford multiplication of any vector 
X of iV is symmetric with respect to this inner product. However, this 
inner product is not positive definite. As Cq = id, S is decomposed 
into the direct sums of two subbundles which are the eigenbundles of 
eo along M. This indicates there exists a positive definite Hermitian 
inner product defined by ( , ) = (eo- , ) on S along M. 

The second fundamental form of the initial data set is defined as 
Pij = g(Vieo, Cj). Suppose M has boundary E which has finitely many 
connected components S^,-- - ,S', each of which is a topological 2- 
sphere and endowed with its induced Riemannian and spin structures. 
Fix a point z G S and an orthonormal basis {cj} of T^M with = ei 
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outward normal to S and tangent to S for 2 < a < 3. Let hat = 
(Vae^, Cfe) be the second fundamental form of S. Let H = tr[h) be its 
mean curvature. E is a future/past apparent horizon if 

HTtr{p\^)>{) (2.1) 

holds on S. 

Denote by V the lift of the Levi-Civita connection of S to the spinor 
bundle S|s- The Dirac-Witten operator along M, the Dirac operator 
of M acting on § and the Dirac operator of S acting on S|s are defined 

as D = Cj ■ Vj, D = Cj ■ Vj, D = ea • Va respectively. Let P± = 
^{Id ± Co ■ Cr-) be the projective operators on S|e. Then §|e = Sj^ © 
SI2 is decomposed into the direct sum of two equivalent complex 2- 
dimensional sub-bundles Sjf = {<P ^ S|s : P±(l) = 0}. 

The following integral identity is given by the relation Vq = Va + 
\haber ■ Cf, ■ —\paj^o ' Gj- and the Weitzenbock type formula for the 
Dirac-Witten operator 



/ I + (0, - \D<P\' = [ (0, (er-D- 




where T = |(roo + Tojeo-ej-). Let (j) = + (p . Since eo-Cr-c/)^ = ±0^, 
we have Co -6,. -(cr- 1)0^) = T^r- D4>^ and eo-Cr- (eo-Ca-^^) = =Feo'ea-0^, 
therefore the right hand side of (12.21) is 

RHS = J (0+, ■ D(l)-) + (0-, er ■ D(l)+) 

-IJjH- tr{pk)] + tr{p\^)] 




Parts (a) and (b) of the following existences are proved in [23] which 
correspond to the case all Ej are either future or past apparent horizons. 
Part (c) corresponds to the case that at least one boundary 2-sphere 
satisfies the strict inequality in apparent horizon conditions. 

Proposition 1. Let {N,g) be a spacetime which satisfies the dominant 
energy condition. Let (M, g,p) be a smooth initial data with the bound- 
ary S which has finitely many multi- components Sj, each of which is 
topological 2-sphere. 
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(a) If trgip) > and all Sj are past apparent horizons, then the 
following Dirac-Witten equation has a unique smooth solution G r(S) 



D(j) = m M ^2 3) 

P+0 = P+cpoi on Sj 



for given (poi 



(b) If trg{p) < and all Sj are future apparent horizons, then the 
following Dirac-Witten equation has a unique smooth solution (p G r(S) 



D(j) = m M ^2 4^ 



for given (poi G r(S| 



(c)IfT,i,l<i<ko, are past apparent horizons and T,j, k^ + l < j < 
I, are future apparent horizons, and there exists at least Iq, I < Iq < I, 
such that the strict inequality in ^2. 1\) holds for Iq, then the following 
Dirac-Witten equation has a unique smooth solution G r(S) 



= in M 
P+cP = P+(Poi on Si (2.5) 
= P^cpoj on Sj 

for given 0oi e r(§|^p, cpoj G r(§|^p. 

Proof : To establish the existences of (12.31) . (12.41) and (12. 5p . we only 
need to show that any solution D(p = is trivial when = 0oj = 0. 
We first study the case (c), in this case (12.21) gives 



-\ H I [h~Hp\^. 

Since the strict inequality in (12.11) holds for /q, "we must have 01^,^^ = 

and = along M. However, in cases (a) and (6), we can not 
conclude that 0|si = on some i directly from the apparent horizon 

condition (12. ip . We need to use some other argument. Since D{eo-(f)) = 
—trg{p)(f), we have 

5^ / (e,-0,eo-0)= / W,eo-0)-(0,5(eo-0))= / tr^ipM' . 

l<i<l -'^i "'^^ "'^^ 
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If all Sj are past apparent horizons and trg{p) > 0, or all Sj are future 
apparent horizons and trg{p) < 0, then the above equality gives that 

<;^|s, = for all i. We have also Vicj) = along M in these cases. Now 
< 2|V0||0| < < Cp|(/)p, where Cp = max\p\. If there 

exists a point xq G M such that 0(xo) 7^ 0, then 

101(2;) > |0|(a;o)e-^-''-oW. 

That taking x to the boundary S^^ will gives rise to a contradiction. 
Therefore = over M and the existences of (12.31) . (12. 4p and (12.51) 
follow. Q.E.D. 

Proposition 2. Let {N,g) be a spacetime which satisfies the dominant 
energy condition. Let {M,g,p) be a smooth initial data with the bound- 
ary S which has finitely many multi- components Sj, each of which is 
topological 2-sphere. Suppose 0, ip are smooth spinors which satisfy 

Vi<j) = 0, Vi^ = 0. Denote 0^ = P±0|e,, ^0 = ^iV'ls,. // either 0+, 
■0(1 or 0Q , ip^ are linearly independent on Ej, then 0, ip are linearly 
independent in M. 

Proof : Let Ci0(2;o) + C2'ip{xo) = for complex constants Ci, C2 at 
some point xq G M. We shall show that Ci, C2 must be zero. Denote 
$(x) = Ci0(x) + C2ip{x). Let fl be an open subset of M where $ is 

nonzero. Since Vj$ = 0, we know that |$(y)| > |<l'(x)|e~'"p^*^^'^^ for any 
x,y & Q where Cp = max\p\. If Q is nonempty, we can take y to the 
boundary of Q or to the point xq. This will give rise to a contradiction. 
Therefore $(x) = 0. Hence Ci0o + C2i>o = on Sj. Since 0o , ipQ or 
00 , -0^^ is linearly independent on Sj, we have Ci = C2 = and the 
proposition follows. Q.E.D. 



3. Quasi-local quantities 

Let (A^, g) be a spacetime which satisfies the dominant energy condi- 
tion. Let (M, g,p) be a smooth initial data set with boundary S which 
has finitely many connected components Si, ■ ■ ■ , S;, each of which is 
a topological 2-sphere. Suppose that some Sj can be smoothly iso- 

metrically embedded into a smooth spacelike hypersurface in the 
Minkowski spacetime M^'^ and denote by K the isometric embedding. 
Let Sj be the image of Sj under the map K. Let the unit vector 
outward normal to Sj and hij, H are the second fundamental form, the 

mean curvature of Sj respectively. Denote by po = p o 'ii.^ Hq = H o 
the puUbacks to Sj. 
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The isometric embedding K also induces an isometry between the 
(intrinsic) spinor bundles of Sj and Sj together with their Dirac oper- 
ators which are isomorphic to Cr ■ D and er ■ D respectively. This isom- 
etry can be extended to an isometry over the complex 2-dimensional 

sub-bundles of their hypersurface spinor bundles. Denote by S^* this 
sub-bundle of We choose the same orientations for N and M^'^. 
Since 62 ■ 63 = 62 ■ 63, P± is preserved by K. Therefore, 

§|±^§|±^§^\ (3.1) 

Let be a constant section of S^' and denote 0o = ° ^- Denote by S 
the set of all these constant spinors ^ with the unit norm. This set is 
isometric to S^. 

In this note, we introduce the following conditions on M: 

(i) trg{p) > 0, + tr(p|2j > for all z; 

(ii) trgip) < 0, H\^^ - tr(p|sj > for all i; 

(iii) i/ls, + tr{p\^J > for 1 < i < fco, - tr{p\^^) > for 
ko + 1 < j < I, and there exists at least Iq, I < lo ^ i-, such that 
the strict inequality holds for Zq- 

Now we provide the definition of quasi-local quantities for some 
under these conditions. Recall ESI El 



Case 1. If Sj has positive Gauss curvature, then it can be embed- 
ded smoothly isometrically into in the Minkowski spacetime M^'^. 
Denote by its image. In this case, p = 0. 

Let (j) be the unique solution of one of (12.31) . (12.41) and (12. 5p for some 
0j G S and (^j = for j ^ i. Denote 

m(E.,0)= ;7^fj^ g? / Vh.-hm' 

Define 

m- = minm(Sj, 0), = maxm(Sj, 0). 



Case 2. If Sj has negative Gauss curvature Ky,. > —h? (k > 0) 
where —k^ is the minimum of the Gauss curvature. (Here we must 
choose the minimum of the Gauss curvature instead of arbitrary lower 
bound, otherwise the quasi-local mass defined in the following way 
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might depend on this arbitrary lower bound.) By [13l [3], Sj can be 
smoothly isometrically embedded into the hyperbolic space El^^^a with 

constant curvature — as a convex surface which bounds a convex 
domain in El'^^a- Let {t, xi, X2, X3) be the spacetime coordinates of M^'^. 

Then IH[j^^2 is one-fold of the spacelike hypersurfaces [t"^ — xf — x'^ — x'^ = 

} . The induced metric of H^^2 is ^ = TT^^ + (^^^ + ^^^^ ^^^^) 

It has the second fundamental form pi = Kg^s for the upper-fold 

{t > 0} and p~3 = —Kg^z for the lower-fold {t < 0} with respect 
to the future-time-directed normal. 

If condition (i) holds, we embed Sj into upper- fold {t > 0}. Since 
is convex, we have H + tr{p\j.^) > 0. If condition (ii) holds, we embed 

Sj into lower-fold {t < 0}. We have H — tr{p\j.,) > in this case. If 

condition (iii) holds, we embed Sj into upper-fold if H + tr{p\j].) > 

and embed it into lower-fold if if — tr{p\s-) > 0. Denote also by its 
image. 

Let be the unique solution of one of (12.31) . (12.41) and (12. 5p for some 
(pi ^3 and (pj = for j ^ i. Denote 

m±(S„0)=-^^^^^%^-3fJ / \{Ho-HM' + tr{p\^,){cf>,eo-er-cP) 



area{Ei)K, 



Define 

m5 = 



min^ m+(Ej, 0): if Ej is embedded into upper-fold, 
minsm_(Sj, 0): if Sj is embedded into lower-fold. 

max^ m4.(Sj, 0): if Sj is embedded into upper-fold, 
max^m_(Sj, 0): if Sj is embedded into lower-fold. 



Case 3. If Sj has nonnegative Gauss curvature which vanishes at 
some point, then it can be only C^'^ embedded isometrically into 
[5l E]. To avoid this regularity problem, we first embed it smoothly 
isometrically into hyperbolic space IHIi^2 and then take the limit n ^ 0. 
Define 



b 



lim^^o niin^ m+(Sj, 0): if Sj is embedded into upper-fold, 
lim«;^o niin^ m_(Sj, 0): if Sj is embedded into lower-fold. 

limK-^o maxg m+(Sj, 0): if Sj is embedded into upper-fold, 
lim^^o niax^ m_(Sj, 0): if Sj is embedded into lower-fold. 
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Remark 1. The quasi-local quantities do not depend on the choice of 
spinors after taking maximum and minimum on certain constant spinor 
space. This procedure was not taken to rule out spinors in Dougan and 
Mason's definition [4J. 

Remark 2. The solutions of ^2.3\) . i2.4\) and ( [^.51) for some 0j G S 
and (f)j = for j i are parameterized by the positive or negative part 
of the constant Dirac spinors in M^'^. So the set of these unit norm 
constant spinors is S^. 

Remark 3. The normalized factor is omitted in the definitions of 
m{T,i,(f)) and m±{T,i,(j)) in [23t [2l]. 

Definition 1. Let {N,'g) be a spacetime which satisfies the dominant 
energy condition. Let {M,g,p) be a smooth initial data set with the 
boundary S which has finitely many multi- components Sj, each of which 
is topological 2-sphere. If one of conditions \i), (ii), (Hi) holds, then 
the quasi-local energy E^"'^, the quasi-local linear momentum \Pl"'^\ and 
the quasi-local mass m-°^ of Ej are defined respectively as follows 

From the following theorem, we know that > > 0. Therefore 
these quasi-local quantities are well-defined. 

It is straightforward that these quasi-local quantities all vanish if 
(A^, 'g) is the Minkowski spacetime. On the other hand, by the unique- 
ness, any solution of (12.31) or (12. 4p with boundary value in S approaches 
a constant spinor in asymptotically fiat initial data sets. Therefore, the 
limits at spatial infinity are 

lim m^- = + |P|, lim m- = — \P\ 

r— >oo r— >oo 

where E, Pk are the ADM total energy, the ADM total linear mo- 
mentum respectively and \P\ = a/ + P2 + Pi ■ Denote by m = 
^E^ - P2 _ p2 _ p2 ^j^g j^g^gg Yiave 

lim El"" = E, lim = |P|, lim m(°^ = m. 

r-^oo r— >oo r-^oo 

Theorem 1. Let {N,g) be a spacetime which satisfies the dominant 
energy condition. Let {M,g,p) be a smooth initial data set with the 
boundary S which has finitely many multi- components Sj, each of which 
is topological 2-sphere. If one of conditions (i), (ii), (m) holds, then 

(a) > ^ El""^ > \Pl°^\ for each i; 

(b) If E^°^ = for some i^, then N is flat along Ej^. 
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Proof : Part (a) is a direct consequence of Proposition [T] and the 
following inequality proved in [23l El] 

f (0, Cr ■ Dcj)) <^ f (0, (^0 - POaaeo " 6^ ■ +Poareo " ea-)0)- (3.2) 



■»0 ^'0 



For the completeness, we summarize the proof of fl3.2p here. Since 
(9j0 = 0, restricted on Ej^, we have Va0 + \haber ■ Cb ■ (f) — ^Paj^o ■ 
Cj ■ (f) = 0. Pullback to Sj^, we obtain Cr ■ -D0o = "^00" i |Poaa0o + 
hpoareo ■ Ca " 00- Uslug / (0o , 6^ ■ Dcj)^) = J (c^ ■ D0o , 0o ), wc get 

/ {Ho-poaa)\(pt? = (^O+POaa)|0o P- 

The proof of (13. 2p as well as the theorem under condition (i) or 
condition {in) with the past apparent horizon is the same as that 
under condition {ii) or condition [in) with Sjp the future apparent 
horizon. So we only prove the first case. Let be the smooth solution 
of the Dirac-Witten equation with (p'^ = (p^. We have 



(0, er ■ D(j)) =23? I ' 



Cr ■ D(j)^) 



3? / (0 , ^^000 + POaa0o + POardQ ■ Cr ■ 0o ) 



<\ / (i/o+POaa)(|0-|' + |0o|') 



'2 



+ 3? / (0 ,Poareo ■ Ca " 0o ) 
^ / (//o+POaa)|0"r + (^O-POaa)|0O 



+ 3? / (0 ,Poareo ■ ea " 0+) 

1 

2 



'0 



^fo|0r+POaa(|0-| -10+r) 
+ 3? / (0",POareo ■ Ca " 0"^) 



For part (b), if i?,'- = for some ^o, then m,^„ = = 0. Therefore, 
for any G H, m(Sj(,, 0) = 0. This implies Vi0 = 0. Let 0i, 02 ^ S be 
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two linearly independent constant spinors. Let 0i, 02 be the smooth 
solutions of one of fl2.3l) . (12.41) and (12.51) corresponding to the boundary 

values 0, ijj. Then Vi0i = Vi02 = 0. By Proposition [21 0i and 02 are 

linearly independent. Choose the frame such that V a^p = 0. Then 

- ^Rija^eaCpCpa = [Vi, Vj]0a = (3.3) 

for a = 1, 2. Note that we are not able to obtain the vanishing of Rijai3 
along M as 0^ are complex 4-dimensional which might not belong to 
neither the positive eigenbundle of cq nor the negative eigenbundle of cq. 
However, in the proof of (13.21) . the inequality 23fJ(0~, 0q ) < |0~P + |0o P 
is used on Ej^, and it is forced to be the equality when El°'^ = 0. So 
0~ = 0Q on Ejp. Since the boundary value condition gives 0+ = 0o , 

we obtain = 0o on Sj^,. As 0oa are puUbacks of 0a, 0oa belong to the 
same eigenbundle of cq. This indicates the situation can be reduced 
to complex 2-dimensional spinor bundles on Sj^ and (13.31) holds true 
for two linearly independent constant spinors 0oa on Sj^. Therefore 

Rijap = on Ejg. So Too = on Ej^ and the dominant energy condition 

gives Tai3 = which implies -RiOa/3 = on Sj^ . Therefore the spacetime 
is flat along Sjg. Q.E.D. 



4. Discussions 

In this note, we define the quasi-local quantities for a 2-sphere in 
the spacelike hypersurface. For a spacelike 2-sphere S in spacetimes, 
we can take infimum of above defined quasi-local quantities over the 
set of spacelike hypersurfaces enclosed by S, if the set is nonempty. 
Because of Theorem [1], the infimum exists and is nonnegative. We 
can define this infimum as the quasi- local quantities of S. If we think 
the choice of the spacelike hypersurface for E is gauge, we can call 
the infimum gauge in this situation. Alternatively, if E can enclose a 
unique maximal hypersurface which satisfies tr{p) = in spacetime (it 
is indeed the case in certain situation), then the quasi-local quantities 
of E can be defined in terms of the geometry of this 2-sphere and the 
maximal hypersurface. And we can call it the maximal gauge. The 
quasi-local quantities of S in these gauges can be understood not to 
depend on the spacelike hypersurface. 
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